We study the problem of adsorption and collapse transition of a linear polymer chain situated in a fractal container represented by a 4-simplex lattice and interacting with a surface adsorbed linear polymer chain. The adsorbed chain monomers act as pinning sites for the polymer chain. This problem has been solved exactly using real space renormalization group transformation. The resulting phase diagram and critical exponents are given.
Introduction
The problem of surface effects on conformation statistics of long flexible polymer chains has been widely studied both because of its merit as an interesting problem in statistical mechanics and because of its important role in many physical processes like colloidal stabilization, adhesion, or lubrication, etc [1, 2] . The statistical mechanics approach to this problem has successfully been applied, particularly in case of good solvent that contains only one linear polymer chain interacting with an impenetrable wall [3] [4] [5] [6] [7] . The essential physics is derived from a model of self-avoiding walk (SAW) on a semi-infinite lattice, with an energy contribution ǫ a for each step of the walk along the lattice boundary. This leads to an increased probability characterized by the Boltzmann factor ω = exp(−ǫ a /k β T ) of making a step along the attractive wall, since ǫ a < 0, ω > 1 for any finite temperature T . At low temperatures due to the attraction between the polymer chain and the surface, the chain gets adsorbed on the surface while at high temperatures all polymer configurations have almost same weight and a non-adsorbed behaviour prevails. The transition between these two regions is marked by a critical adsorption temperature T a , with a desorbed phase for T > T a and an adsorbed phase for T < T a . The asymptotic behaviour of the average number M of steps of the walk along the boundary can be summarized in the following way [7] M ∼
T > T a (1.1) where N denotes the average number of monomers and φ is the crossover exponent.
When the polymer chain is in a poor solvent, it exhibits a phase diagram characterized by many different universality domains of critical behaviour. This is due to the competition between solvent -induced monomer-monomer attraction and the surface-monomer interaction. In this case the essential physics is derived using a model of self-attracting self-avoiding walk (SASAW) on a semi-infinite lattice [8, 9] .
Theoretical methods which have been used to study polymer adsorption include renormalization group [10, 11] , transfer matrix [12] , Monte Carlo [13, 14] , exact enumeration [15] and series expansion techniques [16] . In case of two dimensions many exact results have been found through conformal field theory [17] [18] [19] [20] and using conformal invariance prediction in conjunction with the Bethe ansatz solution of associated lattice models [21, 22] . Many exact results have also been found for the case of fractal lattices using real space renormalization group (RSRG) [8, [23] [24] [25] . In this article, we consider the adsorption and collapsed transition of a long flexible polymer chain interacting with another long flexible polymer chain adsorbed on a surface. The monomers of the adsorbed chain act as pinning (or interaction) sites for the chain of our interest.
The situation is shown in Figure 1 . respectively. The bulk critical behaviour including θ-point and the phase diagram of surface interacting polymer chain using SASAW model has been studied recently [8] .
In the model proposed here we represent the pinning sites by the monomers of an adsorbed polymer chain on a 3-simplex lattice. The configuration of the pinning sites can, therefore, be found by the statistics of single polymer chain on the 3-simplex lattice. For convenience we represent this configuration (of adsorbed polymer chain) by P 2 . The floating polymer chain in a fractal container whose adsorption we want to study is represented by P 1 . Therefore the problem is projected on to a model of two interacting crossed walks [26] [27] [28] in which one walk is confined to the surface and act as pinning sites for the other chain.
We assign the weight x 1 (x 2 ) to each step of the walk in the bulk (on the surface) and the weight √ x 1 x 2 ω to each step taken on the pinning sites on the surface. In other words, when a monomer of chain P 1 visits a site on the surface occupied by chain P 2 a weight √ x 1 x 2 ω is assigned. If a monomer visits a site on the surface not occupied by the chain P 2 (i.e a pure site) the weight assigned to it is x 1 . The monomers of chain P 1 may attract each other. We denote the Boltzmann factor associated with this interaction by u, where u = exp(−ǫ u /k β T ) (ǫ u < 0 being the attractive energy associated with a pair of near-neighbour bonds on the lattice). In order to promote competition between the adsorbed and desorbed phases of chain P 1 it is desirable to introduce a parameter t = exp(−ǫ t /k β T ) in such a way that √ x 1 x 2 t is the weight of those steps that are performed on the lattice points which are the nearest neighbour but in a adjacent sites to the pinning sites. Here ǫ t is the interaction energy between a pair formed by a monomer of chain P 1 in the adjacent site and a pinning site on the surface.
The global generating function of this model can be written in the form
represents the total number of configurations of all walks. Here N 1 is the total number of monomers in chain P 1 , N 2 represents the total number of monomers in adsorbed polymer chain (P 2 ), N s denotes the number of monomers of polymer chain P 1 adsorbed on the pinning sites. N c and N m are number of monomers lying adjacent to the surface and forming the nearest neighbour with the pinning sites, and number of nearest neighbours in chain P 1 , respectively.
The generating function for the 4-simplex lattice can be expressed in terms of finite number of restricted partition functions [29] . We show in Figure 3 all the possible restricted partition functions which appear in this problem. This can be seen from The recursion relations for the restricted partition functions can be written as (see Figure 5 )
A notational simplification in which the index r is dropped from the right hand side of the recursion relations is adopted here. It may be emphasized here that the recursion relations written above are exact for the model defined above.
Eq.(2.5) which represents the recursion relation for the adsorbed chain P 2 is independent of configuration of chain P 1 . The effect of P 2 on chain P 1 is taken through C, D, E, F and G. Since all interactions involved in the problem are restricted to bonds within a first order unit of the fractal lattice, ω, t, and u do not appear explicitly in the recursion relations. They appear only in initial values given below. 
(2.12)
(2.16) The state of polymer chain P 1 depends on the quality of the solvent and on the temperature and can therefore be in any of three states; swollen, compact globule and at θ-point described in the asymptotic limit by the fixed points (A * 1 with ν 1 =0.7294 [8, 29] and connectivity constant µ = 1/x is found to be 1.5474. The fixed point corresponding to the compact globule state is reached for all values of u > u θ at x 1 (u) < x θ . At u θ = 3.31607.. and x θ = 0.22913.. the system is found to be at its tricritical point or 
Results
For all values of ω < ω c (u, t), the polymer chain P 1 lies in the bulk. The critical behaviour of polymer chain P 1 does not get affected by the presence of the surface or pinning sites. In the phase diagram shown in Figure 6 , ω is plotted as a function of u Note that the last two eigenvalues are the same as those found for the bulk θ-point.
The crossover exponent is
This is a tetracritical point. The adsorbed phase corresponding to configurations which forms a layer on the surface occupied by the pinning sites.
(B) For 0 < t < 1 we have fixed point (A This is a pentacritical point. Note that for t > 1, corresponds to ω < 1. Therefore the tetracritical line as a function of t is symmetrical about the point t = 1.
Conclusions
In this paper we studied the critical behaviour of polymer chain interacting with a surface adsorbed chain. It is shown that this model differs from the usual polymer adsorption and also from the problem of two interacting chains studied in past [15, [23] [24] [25] [26] [27] [28] . We find a very rich ω − u phase diagram plotted in Figure 6 . The adsorbed polymer chain representing the pinning sites always remain in swollen state with radius of gyration exponent equal to that of truncated 3-simplex lattice. We therefore have pinning sites forming pattern with fractal dimension 1.266. The bulk desorbed phase has two regions: the region of swollen state separated from the collapsed globule state (by a tricritical θ-line). The θ-line is at u = u θ = 3.316074.. and runs parallel to the ω axis i.e. remains unaltered due to the surface interaction. The point where it meets the line ω * (t, u) is a multicritical point. These multi-critical points are characterized by three different fixed points depending on the value of t. When the value of t = 1 the value of ω is found to be 1. The ω line runs parallel to the uaxis and meets at the θ-point. This point has four eigenvalues greater than one and corresponds to the pentacritical point. This is a point at which two tetracritical lines corresponding to 0 < t ≤ 1 and t > 1 meet. When t > 1, ω has to be less than 1.
When t = 0, the value of surface interaction increases with u and meet at θ-line.
The Figure 6 gives the impression of the existence of reentrant adsorbed phase as u is increased. One should, however, remember that these figures are merely a projection on the ω − u plane of three dimensional figures in which the third dimension is given by x.
When the value of t lies in between 0 and 1 the slope increases, but we do not find any "frustrated phase" [8] as observed in usual situation of surface adsorption.
The behaviour of special adsorption line described above can be understood from contributions of different coexisting polymer configurations (see Figure 3) to the bulk and surface free energies. When both adsorbed phase (as by definition) and bulk phase are in swollen state, the adsorption line has same nature in ω − u plane for all values of t, although the slope of line decreases as t increases and at t = 1 the slope becomes zero and line runs parallel to u axis. This is due to the very fact that at t = 1 and ω = 1 the surface behaves as a part of bulk and distribution of monomers are isotropic. 
